Asymptotically locally conical (ALC) metric of exceptional holonomy has an asymptotic circle bundle structure that accommodates the M theory circle in type IIA reduction. Taking Spin(7) metrics of cohomogeneity one as explicit examples, we investigate deformations of ALC metrics, in particular that change the asymptotic S 1 radius related to the type IIA string coupling constant. When the canonical four form of Spin (7) holonomy is taken to be anti-self-dual, the deformations of Spin(7) metric are related to the harmonic self-dual four forms, which are given by solutions to a system of first order differential equations, due to the metric ansatz of cohomogeneity one. We identify the L 2 -normalizable solution that deforms the asymptotic radius of the M theory circle. *
Introduction
Asymptotically locally conical (ALC) metrics of G 2 and Spin(7) holonomy [1] [2] [3] [4] [5] [6] are expected to play an important role in M theory compactification with minimal supersymmetry. The ALC metric has a circle bundle structure and the radius of the S 1 fiber stabilizes asymptotically. Hence ALC metrics with exceptional holonomy may be regarded as higher dimensional generalizations of ALF metrics in four dimensions, typical examples of which are the Taub-NUT metric and the Atiyah-Hitchin metric. In M theory compactification the asymptotic circle of ALC metric is identified with M theory circle whose radius is related to the string coupling of type IIA reduction. In general ALC metric has a modulus of asymptotic radius of the S 1 fiber other than the modulus of overall scaling of Ricci-flat metric. By deforming the radius of the asymptotic circle with the overall scale parameter being fixed, we can interpolate the strong coupling M theory limit and the weak coupling region of perturbative IIA string theory. Namely when the radius goes to infinity, an asymptotic conical (AC) metric arises as a limit of ALC metric and it describes a purely gravitational background of M theory. The limit of the other side is what is called the Gromov-Hausdorff limit and the limiting metric is a direct product of a Ricci-flat metric of lower dimensions and the Euclidean metric.
Such a picture gives a beautiful M theory unification [7] of the resolved conifold and the deformed conifold of IIA background that has been employed to uncover the strong coupling dynamics of N = 1 supersymmetric gauge theory in four dimensions [8] [9] [10] . (See also [11] for an early attempt.) The AC metric in the strong coupling limit is a resolution of the cone metric over SU(2) 3 /SU(2) that possesses a triality symmetry [10] . Each of three metrics permutated by the triality has a different Gromov-Haussdorff limit whose
Calabi-Yau part is identified as either the deformed conifold or one of the two resolved conifold metrics. They are different resolutions of the cone metric over SU(2) 2 /U(1)
related by flop operation.
In this article we will investigate the deformation of ALC metrics of Spin (7) holonomy with a view to M theory compactification described above. It is known that the metric of Spin (7) holonomy is characterized by a closed four form
where {e a } is a vielbein (an orthonormal frame) and Ω abcd is related to the structure constants of octonions [12] . We will take a convention that the canonical four form Ω is anti-self-dual. Then the formal dimensions of the moduli space of metric of Spin (7) holonomy is 1 + b + 4 , where b + 4 is the Betti number of self-dual four form [13] [12] . Note that the overall scaling of Ricci-flat metric always gives one dimensional modulus. The appearance of b + 4 is understood as follows; In eight dimensions the representation of the traceless part of metric tensor is 35 V of SO (8) . When we have a metric of Spin (7) holonomy, there is a covariantly constant spinor in 8 C of SO (8) and decomposed as 1 ⊕ 7 ⊕ 27, because the conjugate spinor bundle is reducible (8 C = 1 ⊕ 7) on the manifold of Spin (7) holonomy. The seven dimensional invariant subspace in 35 C is specified by the canonical anti-self-dual four form Ω defined by (1.1). When a self-dual four form in 35 S is closed and hence harmonic, the corresponding infinitesimal deformation of the traceless part of metric in 35 V does not break the Ricci-flatness.
Therefore, we can define infinitesimal deformations of the traceless part of Spin(7) metric from harmonic self-dual four forms. Precisely speaking this argument is valid for compact manifolds. In this paper we consider Spin(7) metrics of cohomogeneity one and they are metrics on non-compact manifolds. Our claim of the correspondence of harmonic selfdual four forms and deformations of Spin(7) metric remains formal. It is likely that we need some conditions on the asymptotic behavior of harmonic four forms, like L 2 -normalizability. Quite recently a general theory of L 2 -harmonic forms on (non-compact) gravitational instantons is developed in [14] . It is an interesting problem to explore the relation of L 2 -normalizable harmonic forms and deformations of non-compact Ricci-flat metrics from mathematically more general view points.
This paper is organized as follows; throughout the paper we consider ALC metrics of Spin(7) holonomy that are of cohomogeneity one with the principal orbit Sp(2)/Sp (1) or SU(3)/U(1). In section two we describe invariant forms on the principal orbit G/K = Sp(2)/Sp(1) and SU(3)/U(1) as the K-invariant subalgebra Λ inv of the differential algebra generated by the Maurer-Cartan forms of G. In the case of SU(3)/U(1), Λ inv depends on the choice of U(1) subalgebra in the maximal torus determined by a pair of integers (k, ℓ). For the special embedding with k = ℓ, Λ inv becomes much larger and we find that as a differential algebra it coincides with that of Sp(2)/Sp(1) model supplemented by a single non-trivial cohomology class. Due to this relation the SU(3)/U(1) model with the special embedding of U(1) is mostly parallel with Sp(2)/Sp(1) model. In section three we define an infinitesimal deformation of the canonical Spin(7) four form as a shift by the invariant self-dual four forms. We will work out the induced change in the orthonormal frame to make the deformed four form get back into the canonical form.
The deformation is classified to two types. The first type deformation leads only rescalings of the vielbein and thus maintains the diagonal metric ansatz. On the other hand the second type implies the mixing of vielbein and the corresponding metric gets more involved. In section four we derive a system of first order differential equations for the self-dual four form defining a deformation to be closed 1 in the case of background metric of cohomogeneity one. According to the two types of deformation we call the first order system u-system and v-system, respectively. We present explicit solutions to the first order system in section five. The L 2 -normalizability of the solutions is examined. Due to the qualitative difference of asymptotic behavior the condition for L 2 -normalizability in ALC metrics is weaker than the corresponding AC metrics. We find that ALC metrics allow L 2 -normalizable self-dual four forms, but AC metrics do not in general. By looking at power series expansion we identify the solution that deforms the radius of asymptotic circle in ALC metric. We conclude that the L 2 normalizable self-dual harmonic four form controls the change in the radius of M-theory circle. It would be worth mentioning that the L 2 normalizable harmonic four forms of the opposite duality also play a role in the deformation of supersymmetric background of Spin(7) holonomy. As is shown in [15] an anti-self-dual harmonic four form in 27 of the irreducible decomposition of 35 C provides a flux for brane resolution and one can construct a supersymmetric M2 brane solution [16] [17] . In summary a self-dual harmonic form gives a purely gravitational deformation, while an anti-self-dual harmonic form introduces a four form flux.
There are three appendixes at the end of paper. Appendix A provides our convention of SU(3) Maurer-Cartan equations. In Appendix B we summarize a formalism of Hitchin on stable forms and metrics of exceptional holonomy, which gave a background of our work. Finally we consider the deformation of the Atiyah-Hitchin metric in Appendix C, since it allows a description similar to our approach in this paper. But there is a 1 By (anti-)self-duality closed forms are automatically harmonic.
crucial difference. The deformation of the Atiyah-Hitchin metric breaks the ansatz of cohomogeneity one, while the deformation of ALC metrics in this paper does not.
Algebra of Invariant Forms
The geometry of G 2 and Spin(7) structures is closely related to three and four forms on a manifold M. Recently Hitchin has shown that such a relation is described in terms of certain functionals on the space of three and four forms [18] 2 . In the case of G 2 manifolds his method has turned out to be a powerful tool (see [19] for example). The space of differential forms on M is usually infinite dimensional, but when the manifold M admits an action of Lie group G with the principal orbit G/K of codimension n, one can make an ansatz of the three and four forms based on the algebra of invariant forms on G/K and the problem can be reduced to a finite dimensional one by homogeneity.
This approach is quite general and has been employed in [20] for constructing the most general G 2 metrics with the principal orbit S 3 × S 3 . There are two homogeneous spaces
Wallach space) that are known to allow a weak G 2 structure [21] . We can consider Spin(7) metrics of cohomogeneity one where one of these homogeneous spaces is served as the principal orbit of codimension one. In general the algebra of invariant differential forms on a homogeneous space G/K is identified as the K-invariant subalgebra of the exterior algebra (freely) generated by the Maurer-Cartan one forms of G. Let us consider the algebra of K-invariant forms in each case separately.
Sp(2)/Sp(1)
As a K = Sp(1) module the cotangent space of S 7 = Sp(2)/Sp(1) is decomposed as
where P i (i = 1, 2, 3) is one dimensional and P 4 is four dimensional. Let σ i (i = 1, 2, 3) be a basis of P i . They are K-invariant and generate another Sp(1) subgroup of Sp (2) that is commuting with K = Sp(1). We take a basis Σ µ (µ = 0, 1, 2, 3) of P 4 such that 2 A brief summary of his formalism is given in Appendix B.
gives a standard (conformal) metric on the base S 4 of the S
3
Hopf fibration of S 7 . The self-dual combination of Σ µ gives K-invariant two forms;
2)
We note the relations
The algebra Λ inv of K-invariant forms is generated by σ i and ω i with the relation (2.3).
The exterior derivative keeps the subalgebra Λ inv and on the generators we have
By these relations we see that the space of closed three forms in Λ inv is three dimensional and the most general exact four form is given by
The subgroup U(1) k,ℓ of the homogeneous space M k,ℓ := SU(3)/U(1) k,ℓ is represented by diag. (e ikθ , e iℓθ , e imθ ) with k + ℓ + m = 0. We use the following notation for SU(3) left invariant one forms;
where E 8 corresponds to the subgroup U(1) k,ℓ . The Maurer-Cartan equations in our convention are summarized in Appendix A, where we note the relation;
As a U(1) k,ℓ module the cotangent space of M k,ℓ is decomposed as 8) where P q has the U(1) weight q. A natural basis for the above decomposition is given by
The invariant differential forms of M k,ℓ can be identified as the subalgebra of the U (1) charge free part generated by
)
with the relations
The exterior derivative keeps the subalgebra and on the generators we have
The space of closed three forms is one dimensional and the most general exact four form is given by
When k = ℓ, E 5 and E 6 become U(1) singlets and E 1 ± iE 2 and E 3 ± iE 4 have U (1) charge ±3 and ∓3, respectively. The space of K-invariant forms gets much larger and is generated by E 5 , E 6 , E 7 and ω 1 , ω 2 ,Ω 1 ,Ω 2 . We have introduced a K-invariant two form
The exterior derivative on the generators is given by
14)
where ω ± := ω 1 ±ω 2 . In contrast with previous two cases there are non-trivial cohomology (2) . It is amusing to compare the differential algebra (2.14) with that of Sp(2)/Sp(1). By the following mapping (2) is not spin, there is no lift of the
We find the space of closed three forms is three dimensional. A basis is given by exact three forms dω + , dΩ 1 and dΩ 2 in (2.14). Hence, the most general exact four form has ten parameters. Taking the above correspondence to Sp(2)/Sp(1) model into account, let us expand an invariant three form φ in the following form;
Then the corresponding exact four form is forms. The condition we should impose is not necessarily unique and it would characterize the physical meaning of corresponding moduli. For example the moduli of metrics that come from L 2 -normalizable closed forms will not change the asymptotic behavior and are expected to be dynamical, while those from L 2 -non-normalizable forms are nondynamical. They can change the asymptotic behavior of the metric and are regarded as a change of background metric. In the following based on the coset geometry of Sp(2)/Sp(1) and SU(3)/U(1), we will see quite explicitly the correspondence between the harmonic self-dual four forms and infinitesimal deformations of Spin (7) metric. In our models of Sp(2)/Sp(1) and SU(3)/U(1) the fourth de Rham cohomology of the coset is trivial and we will take exact four forms on the coset to produce self-dual four forms on the total space. Thus the harmonic L 2 normalizable four forms G in this paper is exact G = dC in algebraic sense. However, it is non-trivial in the sense of L 2 -cohomology, since the three form potential C is not L 2 normalizable in general.
Sp(2)/Sp(1)
Assume that the vielbeins are given by
As the canonical ASD four form of Spin(7) structure on R × Sp(2)/Sp(1), we take
2) 4 Our convention is that the canonical four form of Spin (7) 
The Hodge operator * is defined by the coset metricĝ(t) = e a ⊗ e a and we have α ∧ * α = e 1234567 if α is an exterior product of e a . When the four form Ω ASD 0 is closed, the Spin (7) structure is called torsion free and the corresponding metric g = dt 2 +ĝ(t) has Spin (7) holonomy. It is easy to see that the octonionic instanton equation for the spin connection 
where σ ≡ * ρ 0 +ǫΨ is a three form and ρ ≡ ρ 0 −ǫΦ is a four form. The seven dimensional duality * Φ = Ψ implies the eight dimensional self-duality of G SD = dt ∧ Ψ + Φ. As before for the deformed four form Ω to define a torsion free Spin(7) structure we must require that dΩ = 0. Let us take the invariant four form Φ that is closed in seven dimensional sense. Hence in the Sp(2)/Sp(1) model we take (see Eq.(2.5));
In our ansatz of cohomogeneity one metric the coefficients u i and v i are functions of t and
gives a first order system for the coefficients u i and v i . We will describe it more explicitly in the next section.
When v i = 0 the diagonal metric ansatz is maintained. In fact assuming that new
we obtain in the leading order
together with a redefinition of "time" variable
We can see that Ω is transformed into the canonical form in terms of these new vielbeins.
On the other hand non-vanishing v i causes a "mixing" of the original vielbein. For example one can consider the deformation by where we have scaled the infinitesimal deformation parameters v i . We have checked that the deformed four form can be transformed into the canonical form by allowing the "mixing" of the orthonormal frame. Namely we find a solution to the condition 3.2 SU (3)/U (1) 1,1 (special case k = ℓ)
In this case we take the following vielbeins given by (3.12) and the canonical ASD four form of Spin (7) structure on R × SU(3)/U(1) 1,1 
An infinitesimal deformation of Spin (7) We can check that if we impose the condition
then Φ is closed form on SU(3)/U(1) and expressed as follows (see Eq.(2.17));
We find the parameters u i give rise to a diagonal deformation of the metricg = g + ǫ h diag /2 (ǫ ≪ 1). By using the orthonormal basis g = dt 2 + e a ⊗ e a , the metric is written as
where
We note that by the correspondence
of Sp model is reproduced up to an overall factor.
First Order System for Harmonic Four Forms
In this section we will give the condition for the self-dual four form G SD to be closed and hence to be harmonic. When an eight-manifold (M, g) is of cohomogeneity one, that is, M admits an action of the Lie group G with seven dimensional principal orbits G/K, the manifold is locally M ≃ R × G/K. Taking a unit vector field normal to the orbit, we can write the metric in the form
whereĝ(t) is a G-invariant metric on the orbit G/K. With this metric the condition for G SD is expressed by a system of first order differential equations for the coefficients of invariant form on G/K.
SU (3)/U (1) 1,1
Our choice of the vielbeins (3.12) implies the following diagonal form ofĝ(t) for all t ;
Let us consider a self-dual 4-form on M of the following form;
where Φ is expanded by a basis for exact invariant four-forms on G/K and an explicit form is given by (3.18). Since Φ in (4.3) is exact on G/K, the closeness condition dG SD = 0 is expressed by
From the result in section 2.3 we see that * Φ is a K-invariant three form and d * Φ can be expanded by the basis for exact four forms given in section 2.3. Thus, (4.4) yields the following first order differential equations;
We note that the first order system for u i decouples from that for v i . Furthermore the v-system decomposes into three independent systems for (v 1 , v 3 ), (v 2 , v 4 ) and v 5 . The (v 2 , v 4 ) system is obtained from the (v 1 , v 3 ) system by the replacement c 2 → c 1 .
SU (3)/U (1) k,ℓ (k = ℓ)
The u-system in the generic case (k = ℓ) can be obtained similarly. The invariant metriĉ g on the coset is given by (4.2) with c ≡ c 1 = c 2 and according to the result in section 2.2, we put u 4 = u 5 , v i = ℓ j = 0 in the expansion of G SD in terms of invariant forms.
Then the u-system is reduced to
This equation has been derived in [5] , but the overall sign of the right-hand side is reversed here. The sign is determined by the duality of closed four forms. In [5] we were interested in the anti-self-dual closed four forms (in our present convention 5 ) in order to construct supersymmetric brane solutions following [22] [16] [1] . When the canonical Spin (7) form Ω is taken to be anti-self-dual, it is self-dual harmonic four forms that is relevant to metric deformations. On the other hand anti-self-dual harmonic four forms are used to construct brane solutions that preserve supersymmetry. We also note that the equation for the reversed duality satisfied the linear relation u 1 + u 2 + u 3 + 4u 4 = const, while
there is no such a relation in (4.7).
Sp(2)/Sp(1)
Using the correspondence (2.15) found in section two, we can derive the first order system for Sp(2)/Sp(1) model rather easily. Recall that the metric ansatz is
Let us begin with the u-system.
and making the replacement
The u-system for Sp(2)/Sp(1) model becomes more symmetric in the sense that it has a cyclic symmetry in (u 2 , u 3 , u 4 ).
In the same way we can obtain the followingṽ-system for Sp(2)/Sp(1)
where we have made the identificationṽ
Note that theṽ system decouples completely into three independent ODE and again we find a cyclic symmetry in (ṽ 1 ,ṽ 2 ,ṽ 3 ).
Examples
To solve the u-system and the v-system obtained in the last section we need an expression of the background metric a(t), b(t), c i (t) and f (t). Let us consider a few examples of explicit ALC metrics. We also discuss AC metrics briefly, since qualitative features are different.
ALC metric
The first example is a deformation of the ALC Spin (7) Let us start with the B 8 metric. The metric is given by (4.8) with
and dt = (r − ℓ)/ (r − 3ℓ)(r + ℓ) dr . The radial coordinate r runs from the singular orbit S 4 at r = 3ℓ to infinity. From the u-system (4.9) with b 1 = b 2 , it is easy to find
with a constant k 0 . Since this solution has exponential growth at infinity, we will take k 0 = 0. A convenient way to obtain the remaining solutions is to introduce a new variable
. Taking derivatives of the first-order equations (4.9), we obtain the following differential equation of Fuchsian type after rescaling the radial coordinate
,
This equation can be integrated and we find three linearly independent solutions
The second solution f 2 is singular at the point x = 3 which corresponds to the singular orbit S 4 and hence the regular solution in the region x ≥ 3 is a linear combination f (x) =
. The remaining functions u 1 and u 4 are given by taking derivatives of
In the region near the singular orbit the local deformation of the B 8 metric is characterized by two parameters, which we shall label as m and q [3] [5] . The lower order terms near the singular orbit are
The B 8 metric corresponds to m = 2 √ 2ℓ and q = 0. As we have seen in Section 3, the u-system gives rise to a diagonal deformation and the solutions f (x) and (5.2) with k 0 = 0 induces the following transformation,
The four-form G SD is not L 2 -normalizable, unless we do not impose the condition k 3 = 0 in the solution f (x). When k 3 = 0 the solution explicitly becomes
which gives an L 2 -normalizable G SD . The L 2 -normalizable solution leads to a correlation in transformations of the two parameters m and q. However, we note that the transformation of m can be absorbed in an overall scaling of the metric (a trivial deformation).
Hence we conclude that the deformation of B 8 that changes the asymptotic radius of the S 1 fiber is essentially controlled by the L 2 -normalizable G SD . We should mention that this L 2 -normalizable solution was obtained in [1] , where it has been noticed the ALC metric B 8 admits a unique L 2 -normalizable harmonic four form of each duality. In
[1] the solution with the opposite duality was used to construct supersymmetric brane solutions in M-theory.
Theṽ-system (4.11) can be solved easily and we have regular solutions but growing exponentially at infinity. Thus there are no L 2 -normalizable solutions to theṽ-system that might give deformations to off-diagonal metrics. Though the lack of concrete examples of such metrics is a stumbling block in taking further analyses, the fact that the diagonal deformation arises from the L 2 -normalizable solution suggests the corresponding global deformation does not exist.
We now turn to the second example, which is given by (4.2) with 
The general solution is given by
, (5.12) and so the regular solution in the region x ≥ 1 is a linear combination
The L 2 -normalizability of G SD requires the condition for the coefficients, namely k 2 = 10k 1 and k 3 = 0. Finally we find
The behavior of the metric on the Spin c bundle near the singular orbit CP(2) is given
14) 
AC metric
Here for completeness we present a summary of the results for AC metrics with special holonomy. The qualitative feature of the deformation is different, since we cannot find As before one can explicitly calculate the closed self-dual four forms G SD for these metrics and show that just as for the ALC metric there exists a regular G SD which describes deformations at least locally. However, the L 2 -normalizability is lost for all examples, which suggests that the deformations are non-dynamical. From the power series expansion we see that the corresponding deformation would change the asymptotic behavior of the metric from AC type to ALC type. This analysis seems consistent with what we have found for the L 2 -normalizability. We should remark that it is possible to have an L 2 -normalizable solution in the anti-self-dual side. In fact this is the case for the Calabi metric on T * CP(2) [17] .
In the following we list the regular solutions to the u and v-systems ;
(a-1) u-system of Sp(2) metric (c-1) u-system of Spin (7) metric [16] 
and
where K i are constants satisfying
Finally let us comment on the AC special holonomy metrics based on the coset space This form of the Maurer-Cartan equation is symmetric under the (cyclic) permutation of (σ i , Σ i , τ i ). From the Jacobi identity we see that the parameters α, β, γ, κ, µ, ν, which describe the "coupling" of the Cartan generators {T A , T B } satisfy
with ∆ = β A α B − α A β B leaving four free parameters (α A,B , β A,B ). We may further put the "orthogonality" conditions;
which reduces one parameter.
Appendix B Hitchin formulation of Spin(7) manifolds
Recently Hitchin has shown that any hypersurface in a foliation of eight-manifold with Spin(7) holonomy carries a cosymplectic G 2 -structure [18] . Here we describe the outline restricting to Spin(7) manifolds of cohomogeneity one.
Let M = G/K be a seven dimensional homogeneous space with G-invariant metriĉ g. Explicitly, using a basis of invariant 1-forms E i , we writê
A G 2 -structure on M is specified by fixing a three-form ϕ which takes the form
Here, e i (i = 1 ∼ 7) denote the vielbeins ofĝ, which are identified with the generators of octonions obeying the relation
Furthermore (B.2) defines a cosymplectic G 2 -structure on M in case d * ϕ = 0. Both weak G 2 and G 2 holonomy structures satisfy this condition and so are special examples of cosymplectic G 2 -structures. A classification of compact homogeneous manifolds with weak G 2 holonomy is given in [21] and the spaces Sp(2)/Sp(1) and SU(3)/U(1) kℓ we discuss in this paper are in the members of this list.
Suppose ρ t = * ϕ(t) is a closed four-form in the space of G-invariant cosymplectic
then the four-form
gives a cohomogeneity-one metric with Spin(7) holonomy on the eight-manifols N = I × M. In fact, we have
The invariant metricĝ(t) on M evolves via the equation (B.4) and induces the following
Note that (B.4) can be interpreted as the gradient flow equation of the total volume
when it is regarded as the functional of the closed form ρ t .
Conversely, if a Spin(7) manifold is foliated by homogeneous space G/K, we can write the Spin(7) 4-form in the form dt ∧ * ρ t − ρ t with (B.4) and G/K carries an invariant cosymplectic G 2 -structure ρ t for each t. 
Then the following metric g is hyperkähler
where V µ is the dual one form of V µ and φ is a function defined by
and the hyperkähler forms are given by the self-dual two forms ;
We note that the duality of Ω and hence the corresponding curvature two form is automatically anti-self-dual. The curvature two form has the reversed duality to the hyperkähler two forms.
The volume form of the metric is
, which is different from the original volume form ω one might expect.
Conversely, it is known that the volume-preserving vector fields satisfying (C.1) can be locally constructed for any four dimensional hyperkähler manifold [29] .
We now proceed to deformations of the hyperkähler manifold (M, g), and use the orthonormal basis e µ defined in the proposition. Let F ASD be an anti-self-dual closed two form (an ASD U(1) instanton) on M ; with 9) it is easy to confirm thatΩ a takes the same form as Ω a SD by means of the new basisẽ µ .
Thus the deformed metricg =ẽ µ ⊗ẽ µ is hyperkähler. Note that F ASD can be constructed from a volume-preserving vector field W = W µ V µ satisfying the equation
In fact the components of F ASD are given by [30] 
As an example let us consider the Atiyah-Hitchin metric [31] . In [32] [33] it was
shown that there exists a one-parameter family of deformations of the metric by taking a hyperkähler quotient of a moduli space of SU(3) monopoles. By applying our method to this problem, the deformed metric can be made more explicit, although the expression is restricted to a small deformation from the Atiyah-Hitchin metric.
In the proposition, we take M = R × SO(3) and introduce the left-invariant one forms σ i (i = 1, 2, 3) on SO(3) given by A −1 dA = σ i E i , A ∈ SO(3). Here, E i is the basis of so(3) algebra , where A ij represent the components of the matrix (C.13) and σ j is the dual vector field of σ j . The functions ω j (t) are to be determined. The function f has an exponential decline at t → ∞ showing the L 2 -normalizability of F ASD . If we rewrite (C.18) using the orthonormal basis e µ = √ ω 1 ω 2 ω 3 V µ defined by the proposition, then the components F a (a = 1, 2, 3) of (C.5) depend on Euler angles through the functions A ij . In fact Let K i (i = 1, 2, 3) be vector fields on SO(3) generated by the left transformation exp(tE i ). Then the functions A 1j + A 2j + A 3j vanish under the action K = K 1 + K 2 + K 3 .
Thus the metricg has an isometry SO(2) generated by K as has been claimed in [33] .
